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1. Introduction

Berns [3] describes in appendix G how to find a linear relation between CIE XYZ values and RGB
values as measured by an RGB device (scanner or camera): X, =CR..

The target GretagMacbeth ColorChecker contains m=24 patches with known CIELab values, from
which the XYZ values can be derived. The 3x3 matrix C contains n=9 unknown parameters.
The matrices X and R for target values and measured values have 3 rows but 24 columns. The
problem is linear but overdetermined.

The Gaussian least squares method is used to find the best estimation by averaging. Berns intro-
duces for this purpose the so-called pseudoinverse in appendix A.

This document explaines the basic method for a linear vector equation and for a linear matrix
equation as necessary for the color space transform. Furtheron it is shown that one does not
need any inverse matrix - the task results in solving three vector equations with symmetric system
matrices.

According to [1] and [5], a rectangular matrix can have several pseudoinverses. The pseudoinverse
as defined by the least squares method is a special case, often called Moore-Penrose inverse.
One does not need more than the old Gaussian normal equation for deriving this inverse.
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2.1 Matrix fundamentals

The nomenclature and some non-trivial results are essentially based on Zurmdhl, Falk [1]. In fact
this book was written by Falk more than twenty years ago as an entirely new undertaking.

A set of n real variables is written as a column matrix. A vector is a geometrical or mechanical
object which can be assigned to a column matrix, and vice versa. In this doc one does not need
vectors, but occasionally the word vectoris used as an abbreviation. A column matrix can be written
transposed as a row matrix.

Column matrix:

X4
X X2
Xn
Row matrix:
T
X' = [X4,Xg . Xy

Inverse product for square matrices with existing inverse matrices:
(AB)' = B'A"!

Transposed product for compatible rectangular matrices:

(AB)" = BTAT
Quadratic forms:
Q = x'Ax
P = yTAx:xTATy
Derivatives :
dQ/dx4
9Q _ Hpx |99/
oX
0Q/adx,
JoP T
2 - A
JX y
i = AX
dy



2.2 Overdetermined vector equation

A set of m linear equations for n unknowns with m=n can be solved directly. For m>n the Gaussian
least squares algorithm is quite common. In fact the solutions for somewhat contradictional equations
are averaged by minimizing the sum of the squared errors (residuals) of each equation.
Algorithms for Gaussian and Cholesky equation solvers are available in [1],[2] and in many other
text books about numerical mathematics.

Use m measured values r for n unknown parameters in p:
T
P = [p1’ p2!"'!pn]

[, r2,...,rm]T

ay .. am]
p
[am1 . 8pn

Ap=r

r

A

For m=n apply a Gaussian equation solver.

For m > n use the Gaussian least squares algorithm.
Error vector:
e = Ap-r
Scalar error function, the Euclidian norm:
F(p)= e'e = (Ap-r)'(Ap-r)
= p'ATAp-r'Ap-p'ATr +r'r
= p'ATAp-2p"ATr+r'r

The structural visualization for
matrix multiplications was inven-
ted about 1950 by Sigurd Falk.

Find local minimum:
JF
ap

= 2ATAp-2A"r =0

Gaussian normal equation:
ATAp= ATr

ATA is symmetric and (normally) positive definite.
Solve n equations for n unknowns by Cholesky’s method
or by a Gaussian equation solver if n is small.

It can be shown that the solution pis orthogonal to the
error vector e:

elp = 0

A differential variation dp does not change the error.

Formally we can find the solution by the so-called pseudoinverse.
This is never recommended for numerical calculations.
p = (ATA)'ATr
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2.3 Overdetermined matrix equation / Concept

This chapter is closely related to Berns [3], appendix A and G. The GretagMacbeth ColorChecker
consists of m=24 color patches which are described with high accuracy by CIELab coordinates.
These values L*,a*,b* can be converted into CIE XYZ values [4].

An RGB device (camera or scanner) measures for each patch the values RGB in a linear RGB
space. The most simple characterization of the device is a plain matrix C. This matrix with n=9
parameters converts RGB into XYZ.

The unknown matrix C is found by solving three overdetermined vector equations in the gray box
for each column - no pseudo-inverse is required.

X
A patch color is predefined by X; =1,
| Z; | CT
R ;
A measured value set given by R; =| G;
Bi
The task: find the best fitting matrix C for 3 3
X, = CR; with row vectors ¢ RT X"
e
Ci11 Cy2 Cys ot
C = |[Cy Cx; Cpz|=|C R G B | X Y Z
Cz1 Ca2 Cas c®T 24
The predefined colors are combined in the matrix X:
(X, Xp o X x:
X = Y1 Y2 Ym = [X1,...,Xm] = y
Z, Zy .. Z 27

L _ This arrangement of transposed

The measured values are combined in the matrix R: matrices shows:
24 equations for 3x3 unknowns.

R, R, .. Rp]
R = |G G, .. G,
By By ... Bn]
The first equation can be transposed:
X! = R'CT
For all sets together we get:
Xy Yy Z Ry Gy B
% Y | per | R G B [g‘;; G g:;}ZRT[chcz,cS]
X Yo Zn Rn Gp By 01 %2 Cu
Now we extract the first column on both sides: =
[ X, Ry G; By c
x = |X2| =[R2 G2 B {c:;]—Rm
| Xo, Rn Gp Bp Lo
Similarly for y and z, one can find three sets of linear equations:
R'c; = x
R'c, =y
Rc, =2z



2.4 Overdetermined matrix equation / Solution and Pseudoinverse

So far we have three overdetermined vector equations.

Each one is handled by the Gaussian least squares algorithm
(multiply by the transposed system matrix):

RR'c, = Rx
RR'c, = Ry
RR'c; = Rz

For the numerical solution it is recommended to honour the symmetry
of RR" by Cholesky’s method.

The three sets of linear equations can be combined in one:

C" =[ecy€5¢3]= (RRT)'R[x,y,2] = (RRT)'RX"

C = XR'(RR")'

This is the so-called pseudoinverse. For practical applications

the pseudoinverse is not required.

Thanks to Szymon Beczkowski for correcting an error in the formula
for C.



3. Example

The camera calibration by a 3x3 matrix C, using the target GretagMacbeth ColorChecker, was
tested for the digital camera Nikon D100 by a student [7].

The image shows the ColorChecker (on top of a painting). The squares in the color patches were

drawn by MatLab .
Middle Square: true sSRGB colors. Small square: photo colors after correction by matrix C.

Ideally, the middle square and the small square would have the same color. The correction is
obviously not perfect. Probably the sensitivities of the camera sensor are not linear combinations
of the so-called color matching functions [6].

Better results were achieved by nonlinear corrections, based on an ICC Profile, using commercial
software [8]. The shape of the CIELab gamut volume indicates, that the ICC profile is not simply
a matrix profile.
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